Tutorial b

Friday 10" March, 2017

1. For n > 2, let G = (V, E) be the loop-free undirected graph, where V is the set of binary
strings of length n, and E = {(v,w)|v,w € V and v, w differ in (exactly) two positions}.
Find (G).

Solution:

It can be shown that such a graph will always have two components, independent of n. All
the strings with an even number of 1’s in the string will belong to one component while those
with an odd number of 1’s in the string will belong to the other component.

Let C. be the component with strings having even number of 1’s.

We know that the string 0" = sg € C..

Given any string s; € C¢, we obtain string s;; by flipping the first 2 occurrences of 1’s in s;
to 0s. Also, we see that such a string s;; € C. and (s;, s;1) € E, i.e there is edge between s;
and s;1.

Similarly, we can obtain a sequence of strings s;2, S;3, - - - So-

Thus, we proved that every string with even number of 1’s has a path to the string sq.

Let C, be the component with all those strings having an odd number of 1’s.

We know that the string 10"~ = s; € C..

With a similar argument as stated previously, we see that every string s; € C, 3’ the first
bit of s; is 1, we see that s; has a path to s;.

For all those string s, € C, 3’ first bit is 0, we obtain a string s;» by changing the first bit
to 1 and the first occurrence of 1 to 0. Then the previous argument can be made to say that
s, and s; are connected.

Additionally we note that no string in C, is connected to a string in C, as change in 2 bits
in the string would ensure that the parity of 1’s in the string remains the same.

X

2. The department store wants to set up a security system where (plainclothes) guards are
placed at certain cashier locations so that each cashier either has a guard at his or her loca-
tion or is only one aisle away from a cashier who has a guard. How should they decide what
is the smallest number of guards needed? Design a solution for an example scenario.

Solution

We can model the problem as a graph such that each cash counter is a node and those
cashiers who are an aisle away have an edge between the corresponding nodes.

For example, the following would be the floor plan of some department store: In this case,
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we can see that 3 guards at a,4, g would suffice.
Also we can conclude that nothing lesser than 3 would work as the maximum degree of nodes
in the graph is 3.

. Define a wheel graph W,,.

(a) Determine how many cycles of length 4 there are in each of W3, Wy, W5?
(b) Given n € Z* and n > 3, how many cycles of length 4 are there in W,,?

(¢) How many cycles in W, have length n?

Solution:

In general, if n € ZT and n > 3, then the wheel with n spokes is the graph made up of a
cycle of length n together with an additional vertex that is adjacent to the n vertices of the
cycle. The graph is denoted by W,,.

W3, Wy, W5 have 3, 5, 5 cycles of length four respectively.

For any wheel such that n > 4, we see that each cycle of length 4 must include the vertex at
the center (v,41).

For every vertex v; o' i # (n+ 1), it is associated with a cycle on v;;12 and another with
v;—1. This is because v; on a cycle with any other vertex would lead to increase in the path
length. Thus there are n four length cycles in W,,, where n > 5.

Similarly, we can see that there are n+ 1 cycles of length n. There are n cycles including the
center vertex and 1 excluding it.
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. If G = (V,E) is an undirected graph, how many spanning subgraphs of G are also induced
subgraphs?
Solution: Only G itself.

X

. Let G = (V, E) be an undirected graph, where |V| > 2. If every induced subgraph of G is
connected, can we identify the graph G?

Solution : G would be the complete graph K,, since we can conclude that every pair of
vertices must be connected when we choose the induced subgraph on these two vertices.

X
. Let m,n € Z* with m < n. How many paths of length m are there in the complete graph
K7
Solution:

Hn(n-1)...(n—m)}

This is because we can have a n length path between any two pair of nodes since the given
graph is complete.

There are n choices for the first node, n — 1 choices for the 27¢ , and so on until the m +
node.

We divide by two to ensure we count the path between nodes x and y only once.
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7. Let G be an undirected graph with n vertices. If G is isomorphic to its own complement G,
how many edges must G have? Give an example of such a graph.
Solution:

Total number of edges in a graph is (g)

If G is isomorphic to G, then both have the same number of edges = n(n-1)
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8. If G is a self-complementary graph on n vertices, where n > 1, prove that n = 4k or n = 4k+1,
for some k € ZT.
Solution:
From the previous question, we can conclude that %
either of n or n — 1 is odd.
Therefore, we conclude either 4|n or 4|n — 1.
Thus,n=4korn=4k+1

is an integer. Also, we see that
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9. (a) Find a graph G where both G and G are connected.
Solution:

(b) If G is a graph on n vertices, for n > 2, and G is not connected, prove that G is con-
nected.
Solution:
Since G is not connected, there must be at least 2 components in the graph C, Cs. For
every node z € C; and y € Oy, (z,y) € G.
For every pair of nodes z1,x5 € (1, if the pair were connected by an edge in G, now
there is a two length path in G — z1,y, x2. Else they are connected by an edge in G.



